Abstract. The Tamari lattice and the associahedron provide methods of measuring associativity on a line. The real moduli space of marked curves captures the space of such associativity. We consider a natural generalization by considering the moduli space of marked particles on the Poincaré disk, extending Tamari's notion of associativity based on nesting. A geometric and combinatorial construction of this space is provided, which appears in Kontsevich's deformation quantization, Voronov's swiss-cheese operad, and Kajiura and Stasheff's open-closed string theory.
1.
Motivation from Physics 1.1. Our story begins with the famous associahedron polytope. In his 1951 thesis, Dov Tamari described the associahedron K n as the realization of his lattice of bracketings on n letters [23] . Independently, in his 1961 thesis, Jim Stasheff constructed a convex curvilinear version of it for use in homotopy theory in connection with associativity properties of H-spaces [22] . The vertices of K n are enumerated by the Catalan numbers and its construction as a polytope was given independently by Haiman (unpublished) and Lee [18] . Definition. Let A(n) be the poset of all bracketings of n letters, ordered such that a ≺ a if a is obtained from a by adding new brackets. The associahedron K n is a convex polytope of dimension n − 2 whose face poset is isomorphic to A(n). Both M 0,n (R) and Z n consider how particles move and collide on the circle (viewed as either RP 1 or S 1 , depending on the group action). Similarly M 0,n encapsulates particle collisions on the sphere CP 1 . In this article, we consider the Poincaré disk, a concrete playground where particles in the interior can collide similar to M 0,n and on the boundary similar to M 0,n (R) and Z n . Indeed, several others have considered a version of this space of punctured disks: Kontsevich in his work on deformation quantization [16] , Kajiura and Stasheff from a homotopy algebra viewpoint [15] , Voronov from an operadic one [24] , and
Hoefel from that of spectral sequences [14] . We claim that this space naturally extends the notion of Tamari's associativity, from particles on lines to particles on disks.
This is a survey article on the moduli space of punctured Poincaré disks, from a geometric and combinatorial viewpoint. Section 2 introduces the foundational setup, whereas 
The diffeomorphism z → (z − i)(z + i) −1 extends this to an action of PSL 2 (R) on the Poincaré disk D, where infinity is on the boundary of D. The classical KAN decomposition of SL 2 (R) is given by
The action of PGL 2 (R) is naturally characterized by PSL 2 (R): The element
acts on D as the reflection about the geodesic connecting zero to 
The main interest of this paper is the configuration space
We will be concerned mostly with the case when n, m ≥ 1, with at least one particle µ in the interior of D and one particle ∞ on the boundary of D. Consider Proposition 4. The moduli space K(n, m) admits a natural description as the space
Proof. It follows directly from Proposition 3 that each orbit under the PSL 2 (R) action on D can be uniquely represented by a particle configuration of this form: Fixing an interior particle kills the A·N action, and the remaining PSO 2 (R) rotation of Eq. (2.1) is addressed by fixing a boundary particle.
Remark. Although we do not discuss it here, the moduli space K(n, 0) of n interior particles on the disk can be interpreted in terms of fixed particles, analogously to Proposition 4.
The PSL 2 (R) action fixes one of the n particles at µ using A · N and confines another particle to the geodesic connecting µ to ∞ using PSO 2 (R). The resulting moduli space can be shown to be homeomorphic to K(n, 0). The K(0, m) case is considered in Section 5.
2.3. So far, the particles in K(n, m) are not allowed to collide. The most natural manner of embracing collisions is by including the places of collision ∆ that were removed by the configuration space. We define the naive compactification of K(n, m) as the inclusion of the diagonal ∆ with K(n, m), denoted as K n, m . A visual notation is now introduced to label the particle collisions on D based on arcs.
Definition. An arc is a curve on D such that its endpoints are on the boundary of D, it does not intersect itself nor the particles, and encloses at least one interior particle or two boundary particles. A loop is an arc with its endpoints identified, enclosing multiple interior particles. 1 Two arcs are compatible if there are curves in their respective isotopy classes which do not intersect.
From the definition of ∆, three types of collisions emerge. Example. Since the action of PSL 2 (R) fixes a particle on the interior and one on the boundary, the moduli space K 1, 1 is a point.
Example. The left side of Figure 4 displays K 1, 2 , which is a circle with a vertex (a), corresponding to the free particle on the boundary colliding with the fixed particle ∞. colliding with the interior fixed particle µ, vertex (c) is the free particle colliding with ∞, and circle (d) is the free particle colliding with the boundary of D. Note that this last condition is considered a collision since ∆ * includes ∂D.
Example. Figure 5 shows the two-torus K 1, 3 . It has three circles on it, all of which are copies of K 1, 2 , given by collisions (a, b, c), along with a vertex (d) where all the circles meet. Example. Figure 6 displays K 2, 2 as a solid two-torus with diagrammatic labelings of the collisions. It has one vertex (e) where all the free particles collide with ∞, three K 1, 2
, and the space K 1, 3 as the two-torus boundary (a) of Figure 6 . The solid two-torus K 2, 2 .
The Fulton-McPherson Compactification
3.1. Although the naive compactification K n, m encapsulates particle collisions, there are other compactifications which contain more useful information. In general, compactifying K(n, m) enables the particles to collide and a system is introduced to record the directions particles arrive at the collision. In the work of Fulton and MacPherson [12] , this method is brought to rigor in the algebro-geometric context. 2 We now care not just about particle collisions but the space of simultaneous particle collisions.
The language to construct this compactification is the algebro-geometric notion of a blowup. Since we are manipulating real manifolds with boundary, there are two notions of blowups which are needed: Let Y be a manifold with boundary. For a subspace X in the interior of Y , the blowup of Y along X is obtained by first removing X and replacing it with the sphere bundle associated to the normal bundle of X ⊂ Y . We then projectify the bundle.
Example. 
by the iterated sequence of blowups of b(n, m) in increasing order of dimension.
In the language of algebraic geometry, the effect of a blowup replaces the cell with an exceptional divisor of the resulting manifold. From a topological perspective, a blowup of Y along X "promotes" X to become a codimension one cell of Y . An analog from the world of polytopes is the notion of truncation: Truncating any face of a polytope introduces a new facet, and the truncation of a current facet does not change the combinatorics of the polytope.
3.3. Let us consider some low-dimensional examples of the construction of K(n, m) using iterated blowups.
Example. The left side of Figure 4 displays K 1, 2 , which is a circle with a vertex (a).
Since cell (a) is codimension one, no blowups are necessary, and K(1, 2) is the same as
Example. The building set b(2, 1) consists of two points, given by the two vertices of Remark. The picture in Figure 9 (b) appears in the work by Kontsevich on deformation quantization [16, Figure 7 ], where he calls this the "eye".
Example. The combinatorics of this space is expanded upon in Figure 15 . shows compatible nested arcs of the disk, representing a cell of K(7, 5). It is this nesting which gives rise to a generalized notion of Tamari's associativity.
We summarize as follows: MacPherson describe their compactification from the collision perspective as follows: As points collide along a k-dimensional manifold, they land on a k-dimensional screen, which is identified with the point of collision. These screens have been dubbed bubbles, and the compactification process as bubbling; see [20] for details from an analytic viewpoint. Now these particles on the screen are themselves allowed to move and collide, landing on higher level screens. Kontsevich describes this process in terms of a magnifying glass: On any given level, only a configuration of points is noticeable; but one can zoom-in on a particular point and peer into its screen, seeing the space of collided points.
As the stratification of this space is given by collections of compatible nested arcs, the compactification of this space can be obtained by the contraction of these arcsthe degeneration of a decomposing curve γ as its length collapses to zero. There are three possible results obtained from a contraction, as in Figure 13 . each screen (bubble). In order to describe the groups, a slight detour is taken. Similar to PSL 2 (R), the matrix group PSL 2 (C) acts on CP 1 , considered as C ∪ {∞}. The decomposition of SL 2 (C) analogous to Eq. (2.1) is given by
The corresponding decomposition of PSL 2 (C) is given by
An interest of this paper is the particular group (4.1)
Here, Z 2 = {I, r} and A C = S 1 · A, where S 1 is the group of rotations
Proposition 7. The action of G I on CP 1 is given as follows:
1. The element r acts on each circle of constant norm in CP 1 as the antipodal map.
2.
For each point x in CP 1 , there exists a unique element σ in PSO 2 (C) satisfying
exists a unique positive scalar α satisfying α · ||x − y|| = 1 and a unique β in C satisfying β + α · x = 0. This specifies σ uniquely because A · N C is connected.
The action of G I on CP 1 extends to an action on Config n ( C ). By Proposition 7, the action fixes two of the n particles, and restricts the third particle to a (projective) circle's worth of freedom. The following is a natural object to consider:
Definition. The moduli space M n (C) is the quotient space
Denote by M n (C) the natural Fulton-MacPherson compactification of this space.
Remark. There is a difference between M n (C) and the classical moduli space of curves M 0,n . The former is based on real blowups while the latter is based on complex blowups.
Indeed, the group PGL 2 (C) has six real dimensions, whereas G I only has five. Thus, for instance, M 3 (C) is equivalent to RP 1 whereas M 0,3 is simply a point.
Lemma 8. Each type of bubble receives a different group action:
1. The group G I acts on sphere bubbles.
The group PGL 2 (R) acts on flat bubbles.
3. The group PSL 2 (R) acts on punctured bubbles.
Proof. The action of G I on the sphere bubbles is given by Proposition 7 above, where it mimics the real blowup of particle collisions on the plane, as displayed in Figure 7 .
The action of PGL 2 (R) on flat bubbles is based on the decomposition given in Eq. (2.2).
There is a Z 2 component which identifies each flat bubble with its mirror image about the geodesic connecting zero to ∞ on D, replicating the boundary blowup structure shown in Figure 8 . Finally, PSL 2 (R) is the natural group action on the punctured bubbles (Poincaré disks) from Proposition 3.
Since the arcs on D are compatible and thus nonintersecting, each bubble-tree corresponds to a product of smaller moduli spaces. The group actions from Lemma 8 yield the subsequent result:
Theorem 9. Each bubble gives rise to a compactified moduli space:
1. Sphere bubbles with n particles produce M n (C).
2. Flat bubbles with m particles produce M 0,m (R).
3. Punctured bubbles with n interior and m boundary particles produce K(n, m).
Moreover, each diagram of D with compatible nested arcs corresponds to a product of moduli spaces, with each bubble contributing a factor.
Example. Consider K(2, 2) given in Figure 11 ; it is redrawn (with a twist of π of the top disk) in Figure 15 on the left. The colors and the labels of these figures are coordinated to match.
1. There is one interior collision (f) resulting in a sphere bubble adjoined to a punctured bubble, associated to the space K(1, 2) × M 3 (C). Since both K(1, 2) and M 3 (C) are topological circles, the resulting divisor is a two-torus.
2. There is one boundary collision (d) producing a punctured bubble adjoined to a flat bubble, giving rise to K(2, 1)×M 0,3 (R). Since M 0,3 (R) is a point, the resulting divisor is simply K(2, 1).
3. Two mixed collisions (b, c) produce K(1, 2) × K(1, 2), yielding a two-torus, the product of two circles. Example. Figure 16 Theorem 12. The space K(0, n) is isomorphic to two disjoint copies of the real moduli space M 0,n (R) of curves, tiled by associahedra K n−1 .
Proof. For n particles on the boundary, the action of PSL 2 (R) fixes three such particles (call them 0, 1, ∞) due to Möbius transformations. However, there are two equivalence classes of such orderings, with the three fixed particles arranged clockwise as either 0, 1, ∞ or as 1, 0, ∞. Each such equivalence class has particles only on the boundary, and is acted upon by flips from PGL 2 (R). The result follows from Theorem 1.
Theorem 13. The moduli space K(1, n) is isomorphic to the space of cyclohedra Z n .
Proof. As PSL 2 (R) fixes the interior particle and a boundary particle, K 1, n becomes an (m − 1)-torus, with m − 1 labeled particles moving on the boundary of D. Each ordering of these labels yields a simplicial chamber, all of which glue along the long diagonal of a cube, whose faces identify to form the torus. The Fulton-MacPherson compactification truncates each simplex into a cyclohedron, resulting in Z n promised by Theorem 2.
Remark. Figure 17 Example. Figure 10 (b) shows two hexagonal cyclohedra W 3 tiling K(1, 3). Figure 18 shows the iterated truncation of the three-torus K 1, 4 , yielding K(1, 4) tiled by six cyclohedra. Remark. The exceptional divisors corresponding to boundary collisions and interior collisions are in the interior of the moduli space whereas mixed collision divisors are on its boundary.
